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Homework 4

This homework is about solving the model in Huggett (93) and Huggett (97).

Let log individual earnings follow an AR(1) process with mean 0, autocorre-

lation ρ and one-step-ahead prediction error variance σ2
ε. Find a source for a

reasonable choice of ρ and σ2
ε and compute a finite state Markov chain approx-

imation to this process. (One possible source is [?].) Denote the state space by

E = {e1, e2, . . . , em} and the probability transition matrix by P .

1. Consider an environment where a continuum of agents each have an id-

iosyncratic earnings process et described by a finite-state Markov chain

in discrete time with state space E and PTM P . Thanks to the law of
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large numbers, there is no aggregate uncertainty. Preferences are rep-

resented by

E

[ ∞∑
t=0

βt c
1−σ
t − 1

1− σ

]

and the constraints are

ct + qbt+1 = bt + et

and

bt+1 ≥ b

and b0 ≥ b. Set the parameters β, σ and b < 0 as you like. Notice that the

only asset traded is a risk-free bond. These bonds are in zero net supply.

Your job is to find the equilibrium bond price q < β as described below.

(a) Define a function f that for each value of the bond price q produces

the aggregate demand for bonds. Do this in the following steps (or

otherwise).

i. Solve for the individual savings functions using the method of

endogenous grids and piecewise linear interpolation. Call these

savings functions gi(b) for i = 1, 2, . . . , m and define b via gm(b) = b.

The domain of each savings function is now [b, b].

ii. Create a (fine) new grid on [b, b] for the purpose of creating a

finite-state Markov chain approximation of the evolution of the

state. Call this grid b = {b1, b2, . . . , bn}.
iii. Use the savings functions gi(b) to define vectors of integers ~gi via

the following recipe. ~gi(j) is the number k such that bk ≤ gi(bj) < bk+1.

iv. Organize the state space as follows.

X = {(b1, e1), (b1, e2), . . . , (bn, em−1), (bn, em)} = {x1, x2, . . . , xnm}.
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Given this definition, we can define the functions i(k) and j(k)

via

i(k) = floor((k − 1)/m) + 1

and

j(k) = k −m floor((k − 1)/m)

where floor(x) is the greatest integer n such that n ≤ x. With

these definitions in place, define a PTM Q on X via

Qs,t =





0 if i(s) = ~gj(t)(i(t))

Pj(s),j(t) otherwise

v. Find the stationary probability distribution associated with Q.

Hence find aggregate asset holdings.

(b) Solve for the value of q such that f(q) = 0.

2. Now let there be capital (keeping the model otherwise unchanged). Let

the aggregate resource constraint be

Kt+1 + Ct = zKθ
t L

1−θ + (1− δ)Kt

where z is chosen so that aggregate output in an economy without id-

iosyncratic shocks is equal to 1 and L is aggregate labour supply.1 Set

0 < δ < 1, 0 < θ < 1 as you like. This time, write the budget constraint

via

ct + at+1 = rat + wet

(this is just a formality and not a substantive change). Assume that the

borrowing constraint is

at+1 ≥ 0.

1L is the sum or average of all the individual time endowments ei
t. It doesn’t depend on

time. It is a good idea to normalize things so that L = 1.
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(a) Define a function f that for each value of aggregate capital K gives

aggregate savings by going through the following steps (or other-

wise).

i. Fix K, hence find r and w by profit maximization.

ii. Given r and w, find the stationary distribution of assets.

iii. Given the stationary distribution of assets, find aggregate asset

holdings.

(b) Find the K such that f(K) = K.

(c) Is the equilibrium value of K greater than or less than it would be

in an economy without idiosyncratic uncertainty?
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